Abstract. We deal with a bifurcation result for the Dirichlet problem
Introduction.
In the present paper we are interested in the existence of solutions for the Dirichlet problem (P λ,µ ) −∆ p u = µ |x| p |u| p−2 u + λf (x, u) a.e. in Ω,
where Ω is a bounded open subset of R n (n ≥ 2) containing the origin, 1 < p < N , f : Ω × R → R is a Carathéodory function with f (x, 0) = 0, and λ, µ are two parameters respectively positive and nonnegative. The presence of the term µ/|x| p does not allow us to apply the classical variational approach. The Hardy inequality ensures that W 1,p 0 (Ω) is continuously, but not compactly embedded in L p (Ω) with respect to the weight |x| −p . Because of this lack of compactness we are not able to obtain the weak lower semicontinuity of the energy functional via the classical De Giorgi theorem.
The problem
is studied in [3] , where f ∈ W −1,p (Ω) and µ < H, H being the best constant in the Hardy inequality. In particular, starting from the coercivity and homogeneity of the energy functional, the authors of [3] are able to prove the required compactness property by finding a minimizing sequence converging to a global minimum. The authors of [1] are interested in minima of the nondifferentiable functional
where f ∈ L 2 (Ω) and j(x, ξ) is a convex function with respect to ξ, satisfying
for every ξ ∈ R n , a.e. in Ω. With no information about the weak lower semicontinuity of the functional, they state the existence of a global minimum using a truncation approach.
We refer moreover to the recent papers [2] and [4] for a complete survey of the topic. The authors of [4] deal with the problem
In particular in the case s = q = p, p < r < p they obtain infinitely many solutions, at least one of them being positive, for any λ > 0 and 0 < µ < H. We notice that the main assumption in that paper is a bound on r, which is incompatible with our hypothesis on the nonlinearity at zero (see condition (3)).
Here we propose a novel approach to the subject. In particular, combining a weak lower semicontinuity result by E. Montefusco [5] with a recent variational principle by B. Ricceri [6] we establish a bifurcation theorem for problem (P λ,µ ) just assuming a suitable behaviour of f (x, t) at zero. Moreover, we prove that if λ is sufficiently small, then the energy functional related to the problem is negative and decreasing on the solutions.
Finally, using the same technique, we obtain an analogous result for the problem
where n, p and f are as in problem (P λ,µ ), Ω is a bounded open subset of R n and p * = np/(n − p).
Preliminaries.
Assume the following growth condition on f : there exist two positive constants a, q with q < n(p − 1) + p n − p and a nonnegative constant b such that
for every ξ ∈ R and a.e. in Ω.
Denote by X the space W 1,p 0 (Ω) endowed with the norm
Let us recall the Hardy inequality
where Ω is an open set in R n containing the origin and H is the best constant in the inclusion of W
For each u ∈ X and µ ∈ R put
In [5] it is shown that H µ is a well defined and continuously Gateaux differentiable functional in X. Moreover, if µ ∈ [0, H[, then H µ is weakly lower semicontinuous and coercive.
Standard arguments show that Φ is a well defined and continuously Gateaux differentiable functional whose Gateaux derivative is a compact operator from X to X * .
A weak solution of problem (P λ,µ ) is any u ∈ X such that
For each λ, µ ∈ R, consider the functional J λ,µ : X → R defined by J λ,µ (u) = H µ (u) + λΦ(u) and observe that it is the energy functional related to (P λ,µ ).
Finally, for the reader's convenience, we recall the main tool that we will use. It is due to B. Ricceri and it can be stated as follows:
Theorem A ([6, Theorem 2.5]). Let X be a reflexive real Banach space, and let Φ, Ψ : X → R be two sequentially weakly lower semicontinuous functionals. Assume also that Ψ is (strongly) continuous and
where cl w is the closure in the weak topology. Then, for each > inf X Ψ and each λ > ϕ( ), the restriction of the functional Φ + λΨ to Ψ −1 (]−∞, [) has a global minimum. Fix λ ∈ ]0, λ * µ [; we will prove that u λ = 0. To this end, let us prove that lim inf
Main result
Thanks to (3) we can fix a sequence {ξ k } in R + converging to zero and two constants δ and Γ with δ > 0 such that
and consider a positive number T with
Then there is ν ∈ N such that ξ k < δ and
From (6), clearly (5) follows. Hence, there is a sequence {w k } in X converging to zero such that for k large enough we have w k ∈ Ψ −1 (]−∞, [), and
Since u λ is a global minimum of the restriction of Φ + so that u λ = 0.
Observing that the weak solutions of problem (P λ,µ ) are exactly the critical points of the functional J λ,µ and that
